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Abstract
An effective nonlocal integral formulation for functionally graded Bernoulli-
Euler beams in nonisothermal environment is developed. Both thermal and
mechanical loadings are accounted for. The proposed model, of stress-driven
integral type, is shown to be governed by a thermodynamically consistent
differential problem with proper constitutive boundary conditions. The new
thermoelastic strategy is illustrated by investigating a set of examples. It is
demonstrated that in nonisothermal statically indeterminate problems rather
complex structural behaviours can appear and that both the shift of the
neutral surface and nonlocality have a dominating influence at small-scales.
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1. Introduction
Beam models that can capture small size behaviour, typically observed in
very small devices, is a very active research field nowadays. As small beams,
we presume structures having dimensions of micrometer or nanometer order.
Size effects (i.e. nonlocal phenomena) are observed since the forces irrelevant
at the classical engineering scale (where structures are sized in centimetres or
meters) are now important in such small structures. Increased technological
developments at microscale and nanoscale require more accurate mechanical
solutions, fuelling the increased interest of the research community [1–3].
Initial contributions to the solution of these problems were based on
the gradient formulation. Although some paradoxical results were reported
rather early in literature [4, 5], such an approach remains a popular choice.
The paradox has puzzled scientists for quite some time, and some attempts
based on the strain-driven integral formulations were proposed in literature.
Unfortunately, some strain-driven models suffer from the problem of ful-
filling equilibrium conditions [6]. On the contrary, integral formulations of
the stress-driven type [7] are able to properly address issues relating to the
fulfilment of equilbrium conditions and paradoxes debated in the scientific
community [8, 9]. Moreover, it is pointed out that, at least for a certain class
of kernel function, the stress-driven integral formulation can be made equiv-
alent to differential problems [10–12]. To ensure this equivalence, suitable
constitutive boundary conditions must be set in the correct manner. These
are different in isothermal and nonisothermal problems.
Nonisothermal environmental conditions can have a profound influence on
the mechanical response of nonlocal beams. In the vibrational context, tem-
perature has a significant influence on the frequency shift [13]. Thus, a good
part of research efforts on nonlocal beams in nonisothermal environments
are devoted to dynamical analysis [14]. Composite beams in this context are
analysed in [15–19]. These analyses tend to account for other phenomena
and become rather complex, like in the thermo-electro-mechanical analysis of
functionally graded size dependent beams [20]. Non-probabilistic uncertainty
modelling for vibration and buckling of the FG nanobeams in nonisothermal
conditions is considered in [21]. In the statical analysis, buckling of nonlocal
functionally graded beams under thermal loading is frequently addressed,
starting from the early contribution in [22] till more recent contributions
[23–27]. Mainly nonlocal influence on the mechanical part of the problem
is investigated, but buckling caused by the size effect on heat conduction is
also analysed [28]. Another recent contribution [29] points out the difference
in original and simplified boundary conditions in vibrational and buckling
analyses of FG beams in nonisothermal environments. Original boundary
conditions do include the thermal moment at the flexural boundary condi-
tions. The obtained results clearly demonstrate significant differences of two
types of boundary conditions. Bending of thermoelastic nonlocal beams were
analysed in [30, 31]. Majority of these results are based on gradient formula-
tions, both for Bernoulli-Euler and Timoshenko beams. Only a few solutions
based on the integral formulation are available, see [32] for an example.
It is noteworthy that in composite beams the neutral surface does not
coincide with the geometrically neutral surface [33, 34]. This is a direct
consequence of the functional grading of beam’s material. Such effects does
bring additional level of complexity to the modelling procedure. Even in the
classical, local case the most frequent approach is to disregard these effects.
Nevertheless, some results including this shift in local problems do exists. For
the present research, nonisothermal model [29] is of interest. But, when the
nonlocal procedures are concerned, inclusion of the shift of neutral surface
is much less common; for the isothermal strain gradient formulation see [35–
38] and for the integral based [39]. For the gradient based thermoelastic
beams including hygro effects, see [15]. In the case of stress-driven nonlocal
thermoelasticity, these are practically non-existent. This is surprising, since
its level of influence on the results should be at least the same as the small
size effects. Thus, this paper aims to include such effects into a thermoelastic
formulation.
To summarize, novelty of the present paper is inclusion of the neutral sur-
face shift into the formulation by extending previous results obtained for the
nonlocal nonisothermal Bernoulli-Euler formulation [32] in the case of homo-
geneous beam. As a consequence, the formulation obtained in such manner
is suitable for beams made of functionally graded materials. It is also shown
that the strict thermodynamic framework is imperative in these derivation.
Starting from the first and second law of thermodynamics, a suitable Gibbs
potential is developed including all constraints arising from the stress-driven
integral nature of the model. Minimization of this newly proposed potential
yields the system of ordinary differential equations governing the mechanical
process. The proposed formulation is thoroughly tested on four examples.
The paper is organized as follows: in order to provide the notation and
a stage for further developments, the Bernoulli-Euler beam kinematics is
presented at the start. The next section describes the transformation from
the integral law to the equivalent differential formulation. Subsequently, to
accommodate this formulation, a strict thermodynamic framework is intro-
duced. A cornerstone of the formulation is the new potential; minimization of
the Gibbs potential provides governing equations as well as the complete set
of boundary conditions. The example section is followed by the conclusions
that summarize main findings and close the paper.
2. Beam kinematics in the nonisothermal setting
To keep elaborations as simple as possible, plane bending of an initially
straight Bernoulli-Euler beam will be considered. The longitudinal axis of
the beam is denoted as x, while the bending is assumed to take place in the
x− z plane. The z-axis is assumed to originate at the geometric centroid of
the cross-section, so that the first moment of area vanishes
∫
Ω zdA = 0. The
beam is made of functionally graded (FG) material, where grading does take
place along z axis.
In the case of a FG beam, the physical neutral surface, in which the
normal stress vanishes, does not coincide with the geometrical middle surface.
The issue is recently raised in [29] for thermally loaded FG local beams.
Thus, in calculation of the axial displacement, the shift of neutral surface
from the geometrical middle surface z0 must be accounted for. It will be
demonstrated that z0 can vary along the beam if z0 = z0(x). Nevertheless,
the present research will not address such problems.
The central task is to determine the Cartesian components of the dis-
placement vector field. Having in mind the remark about the shift of neutral
surface, these are [40]:
ux(x, z) = u(x, z) = u0(x) + ϕ(x)(z − z0), uy = 0, uz(x) = w(x). (1)
Above, ϕ(x) denotes the angle of rotation of the cross section. The longitu-
dinal displacement ux is composed of two parts. The first part u0 represents
the average displacement of the cross section, defined as the integral of the
displacement over the cross sectional domain Ω:
u0(x) =
1
A
∫
Ω
u(x, z)dA, (2)
where A denotes the cross sectional area. In the Bernoulli-Euler formulation
cross sections remain orthogonal to the beam axis. This implies vanishing
shear strains γxz as the sum of the derivative of longitudinal and transversal
displacement:
γxz(x) = 0 = ∂xw(x) + ∂zu(x, z) = w(1)(x) + ϕ(x), (3)
providing the link between the transversal displacement and angle of rotation:
w(1)(x) = −ϕ(x). (4)
The apex (n) denotes the n-th derivative with respect to the longitudinal
coordinate x. The axial strain in a point follows from the differentiation of
the axial displacement field with respect to x:
ε(x, z) = ∂xu(x, z) = u(1)0 + ϕ(1)(z − z0). (5)
Such a kinematic framework accounts for both isothermal and nonisothermal
effects.
It remains to explicitly introduce the temperature effects. In order to do
so, the normal strain is additively separated into a thermal part εT = α∆θ
and a mechanical part εM:
ε = εT + εM, (6)
where α is the coefficient of thermal expansion and ∆θ(x, z) is the tempera-
ture change field. With Eqs. (5,6), the mechanical strain is:
εM = ε− α∆θ = u(1)0 − w(2)(z − z0)− α∆θ. (7)
In the local formulation, the mechanical strain is the source of normal stress,
whereas in the nonlocal formulation its determination is not that much
straightforward.
3. Thermodynamic preliminaries for functionally graded beams
3.1. Motivation
The cornerstone of the FG formulation is the stress-driven nonlocality
defining constitutive law for the mechanical part of axial strain:
εM(x, z) = ε− α∆θ =
∫ L
0
φc(x− ξ)E−1σ(ξ, z)dξ, (8)
where the kernel function φc(x) is
φc(x) =
1
2Lc
exp(−|x|
Lc
), (9)
σ is the axial stress and E is the Euler-Young’s modulus. The characteristic
length is defined as Lc = cL, i.e. as the product of the small-size parameter
c and the beam’s length L. Note that such assumption accounts only for
nonlocality with respect to the longitudinal coordinate. Due to the expo-
nential nature of the kernel function, the nonlocal effects in the vicinity of
the corresponding point have significantly more influence on the strain than
points that are situated at a larger distance.
It should be emphasized that the precise value of the small size parameter
still remains an open question. Preferably, the value should be determined
experimentally, but only rare attempts to quantify size-dependent behaviour
can be found in the literature, see [41–43] for an insight. Available numerical
calculations [44–49] also indicate that further work remains to be done in
order to solve the issue.
If one wishes to obtain stresses from known strains, it can shown that
the solution and necessary boundary conditions follow from the differential
formulation [32, 50]:
σ
E
= −L2c(ε− α∆θ)(2) + ε− α∆θ, (10)
or alternatively in a more compact form:
σ = E
(
−L2cε(2)M + εM
)
, (11)
cf. Example 5.2 [51] in the case of gradient based methods. In the local
case, the latter equation collapses to the usual form σ
E
= εM = ε − α∆θ.
Application of Eq. (7) that defines the link between strain and displacement,
transforms the stress into:
σ
E
= −L2c(u(3)0 − w(4)(z − z0)− (α∆θ)(2))
+u(1)0 − w(2)(z − z0)− α∆θ.
(12)
In contrast to the widely employed gradient formulations, here additional
constraints in the form of boundary conditions have to be imposed at x = 0
and x = L in order to assure solution of the constitutive integral model [50]:
Lc
(
ε(1) − (α∆θ)(1)
)
− (ε− α∆θ) = 0
∣∣∣
at (0,z)
,
Lc
(
ε(1) − (α∆θ)(1)
)
+ (ε− α∆θ) = 0
∣∣∣
at (L,z)
.
(13)
These constraints assume existence and uniqueness of the solution Eq. (10)
[32]. Obviously, constraints relate kinematical quantities and imply that
standard kinematical boundary conditions cannot be chosen arbitrarily. These
are known as the constitutive boundary conditions and were introduced in
the nonlocal beam formulation in [6, 7]. Consequently, the stress-driven inte-
gral formulation can be made equivalent to the gradient one if the boundary
conditions Eq. (13) are respected.
Alternatively, by the application of displacement and rotation, Eq. (5),
the above constraints become:
Lc
(
u
(2)
0 − w(3)(z − z0)− (α∆θ)(1)
)
−(u(1)0 − w(2)(z − z0)− α∆θ) = 0|x=0 ,
Lc
(
u
(2)
0 − w(3)(z − z0)− (α∆θ)(1)
)
+(u(1)0 − w(2)(z − z0)− α∆θ) = 0|x=L .
(14)
The stress-driven model valid in a beam’s point should be now homog-
enized for an arbitrary cross section. Hence, Eq. (8) is multiplied by the
Euler-Young’s modulus (note that it must be E 6= E(x) in order to do
so), integrated over the cross section and finally the equilibrium equation
∫
Ω σdA = N is applied. Introducing displacements Eq. (5), this provides:
u
(1)
0
∫
Ω
EdA− w(2)
∫
Ω
E(z − z0)dA−
∫
Ω
Eα∆θdA =
∫ L
0
φc(x− ξ)N(ξ, z)dξ,
(15)
while the accompanying constitutive boundary conditions become:
Lc
(
u
(2)
0
∫
ΩEdA− w(3)
∫
Ω E(z − z0)dA−
∫
Ω E(α∆θ)(1)dA
)
−(u(1)0
∫
ΩEdA− w(2)
∫
ΩE(z − z0)dA−
∫
Ω Eα∆θ)dA = 0|x=0 ,
Lc
(
u
(2)
0
∫
ΩEdA− w(3)
∫
ΩE(z − z0)dA−
∫
Ω E(α∆θ)(1)dA
)
+(u(1)0
∫
ΩEdA− w(2)
∫
Ω E(z − z0)dA−
∫
Ω Eα∆θ)dA = 0|x=L .
(16)
The same reasoning as for the equilibrium equation in the axial direction
can be now applied to bending,
∫
Ω σ(z−z0)dA = M . Multiplication of Eq. (8)
by (z − z0) yields:
u
(1)
0
∫
Ω
E(z−z0)dA−w(2)
∫
Ω
E(z−z0)2dA−
∫
Ω
Eα∆θ(z−z0)dA =
∫ L
0
φc(x− ξ)M(ξ, z)dξ,
(17)
and
Lc
(
u
(2)
0
∫
ΩE(z − z0)dA− w(3)
∫
Ω E(z − z0)2dA−
∫
Ω E(α∆θ)(1)(z − z0)dA
)
−(u(1)0
∫
Ω E(z − z0)dA− w(2)
∫
ΩE(z − z0)2dA−
∫
Ω Eα∆θ(z − z0)dA) = 0|x=0 ,
Lc
(
u
(2)
0
∫
ΩE(z − z0)dA− w(3)
∫
ΩE(z − z0)2dA−
∫
Ω E(α∆θ)(1)(z − z0)dA
)
+(u(1)0
∫
ΩE(z − z0)dA− w(2)
∫
Ω E(z − z0)2dA−
∫
Ω Eα∆θ(z − z0)dA) = 0|x=L .
(18)
This constitutive model must be now placed in the strict thermodynamic
framework.
3.2. Continuum mechanics fundamentals of beam-like structures
Having introduced the cornerstone of the stress-driven nonlocal model,
the proper thermodynamic framework specialized to beams is provided. For
this purpose, a brief recapitulation of balance equations from continuum me-
chanics is presented. Due to one dimensional nature of the problem, vectorial
and tensor quantities collapse to the scalar form. The balance of momentum
in a Bernoulli-Euler beam where inertial and volume forces are deemed to be
insignificant can be written as:
σ(1) = 0. (19)
Likewise, the first law of thermodynamics is [52]:
ρe˙+ q(1) = σ + ρr + P , (20)
while the second law is:
ρη˙ ≥ ρr
θ
−
(
q
θ
)(1)
. (21)
Above, ρ(x, t) is the specific mass, e(x, t) is the internal energy, q(x) is the
heat flux, d is the rate of deformation, r(x, t) is the heat source per unit mass,
θ(x, t) is temperature, P is the rate of energy supply from the neighbourhood
and η(x, t) is the specific entropy per unit mass. The origin of the rate of
energy supply P is nonlocality. Note that for the whole beam it must be
∫
B PdV = 0 in order to fulfil the balance of energy, see [51] for more details.
As usual, a superimposed dot represents differentiation with respect to time.
We now postulate existence of the Gibbs potential g(σ, θ) [53]:
g(σ, θ) = e− ηθ − σε. (22)
This introduces the link between the Helmholtz free energy and Gibbs po-
tential as:
ψ = g + σε. (23)
Although generally valid, the latter equation does not imply that an equiva-
lent Helmholtz function can be obtained from the Gibbs functions in all cases
(and vice-versa). As demonstrated in [54], such transformation is not always
possible. Thus, for some type of problems, the Helmholtz free energy func-
tion is more appropriate while for other the Gibbs function is the preferred
choice.
With the Gibbs potential at hand, it can be shown that the second law
of thermodynamics takes the form:
− ρg˙ − σ˙ε− ρηθ˙ − q
θ
θ(1) ≥ 0. (24)
Introducing the rate of the Gibbs potential as
g˙ = ∂σgσ˙ + ∂θgθ˙, (25)
it is obtained:
− (ε+ ∂σg)σ˙ − ρ(∂θg + η)θ˙ − q
θ
θ(1) ≥ 0. (26)
Now, standard arguments are invoked [55]. Since the last equation has to
hold for all arbitrary processes, it is obtained:
ε = −∂σg. (27)
Finally, with Eq. (27) at hand, consider a thermoelastic process with ho-
mogeneous temperature field. Inequality (26) yields the definition of entropy:
η = −∂θg. (28)
In purely thermal processes in which deformation does not take place it is:
− q
θ
θ(1) ≥ 0. (29)
This effectively puts constraints on the allowable direction of the heat flow.
Since the present research will not address problems involving heat conduc-
tion, the last equation will not be used in the forthcoming elaborations.
3.3. Prototype model
Having set up the general thermodynamic framework for beams, some
constitutive assumptions must be now introduced. In particular, the con-
stitutive behaviour by means of the Gibbs function and a functional for
determination of kinematical quantities is provided.
3.3.1. Gibbs potential
In order to put the proposed nonlocal stress-driven formulation within
the thermodynamic framework described above, the Gibbs potential g of the
following form is used in the local formulation [56]:
ρg(σ, θ) = − 12Eσ2 − α∆θσ. (30)
In this particular case the above function should be modified in order to
accommodate the nonlocal character of the model Eq. (8):
ρg(σ, θ) = −12σ
∫ L
0 φc(x− ξ)E−1σ(ξ, z)dξ − σα∆θ. (31)
Above, the Euler-Young’s modulus is assumed to be a function of the trans-
verse coordinate, E = E(z). It can be easily verified that the above choice
of the Gibbs function reflects Eqs. (8) if introduced into Eq. (27).
3.3.2. Governing potential for beams
To provide a variationally consistent framework, the existence of the gov-
erning potential is postulated:
Π(u,w) = U −W. (32)
The internal potential U is defined for the complete domain of the beam B
for a reversible steady state thermal process (θ˙ = 0) as:
U =
∫
B edV =
∫
B(g + σε)dV =
∫ t
0
∫
B(∂σgσ˙ + σ˙ε+ σε˙)dV dt′ =
=
∫
B
∫ σ
0 (∂σgdσ + εdσ)dV +
∫
B
∫ ε
0 σdεdV =
∫
B
∫ ε
0 σdεdV
(33)
where Eq. (27) was applied. The potential of external forces W assumes the
standard form:
W =
∫
L qxu0dx+
∫
L qzwdx
+∑Li=0Niu0,i −∑Li=0Miw(1)i (34)
where N are the external axial forces whileM are bending moments at the
beam end’s. Note that constitutive boundary conditions Eqs. (16,18) arising
from integrability constraints are indirectly included.
Finally, the solution follows from the minimum total potential energy
principle:
(u0, w) = arg inf
u0,w
Π(u0, w). (35)
Required stationary conditions are discussed in derivations that follow. Fi-
nally, the variational problem at hand can be alternatively solved by the
application of the minimum total complementary energy principle.
3.3.3. Shift of the neutral surface
Yet remains to define the shift of the neutral surface from the centroid of
the cross section. In the case of homogeneous beams, the beam’s cross section
rotates around the y axis that is perpendicular to the plane of deformation.
This axis is situated at the centroid of the cross section. It is understood
that the lines parallel to the longitudinal axis laying in the neutral surface
are bent, but their length does not change what results in vanishing nor-
mal stresses. However, if the beam is functionally graded, the situation is
changed. Variation of beam stiffnesses can cause the shift of the neutral
surface z0. The section at hand will demonstrate how to determine this shift.
In the local thermoelastic problem, the displacement of any point of the
beam can be considered to consists of two parts: translational and rota-
tional part. Likewise, the axial strain of mechanical origin in a longitudinal
cross section defined by the coordinate z is composed of three parts, Eq. (7).
Translation is related to the uniform elongation term u(1)0 and thermal elon-
gation α∆θ, while the rotation due to bending causes −w(2)(z − z0). In the
neutral surface, axial displacement due to rotation (and consequently strain
due to bending) must vanish. This can be used to determine the shift z0.
Now, the stresses in an arbitrary cross section x are calculated as:
σ(x, z) = EεM = E(u(1)0 − w(2)(z − z0)− α∆θ). (36)
Since in the neutral surface stresses (and strains) due to rotation of the cross
section should vanish it is obtained:
0 = −Ew(2)(z − z0). (37)
Now, integration of the above equation over the cross section provides the
shift z0: ∫
Ω(z − z0)EdA = 0∫
Ω zEdA−
∫
Ω z0EdA = 0 ⇒ z0 =
∫
Ω zEdA∫
Ω EdA
.
(38)
Note that in the case of E = E(x, z), the above shift becomes a function
of the axial coordinate, z0 = z0(x) significantly complicating the formu-
lation. However, in some special cases simpler solutions can be obtained.
For instance, let the Euler-Young’s modulus can be expressed as E(x, z) =
Ex(x)Ez(z). The advantage of such assumption is obvious when E is intro-
duced into Eq. (38):
z0 =
∫
Ω zExEzdA∫
Ω ExEzdA
= Ex
∫
Ω zEzdA
Ex
∫
Ω EzdA
=
∫
Ω zEzdA∫
Ω EzdA
, (39)
conveniently transforming z0 to a constant. Obviously, the identical equation
is obtained for the case E = E(z) = Ez.
If a beam is homogeneous (E = const.) or E = E(x) = Ex, the shift of
the neutral surface z0 is zero, since Eq. (38) collapses to
z0 =
∫
Ω zdA
A
= 0. (40)
Note that the first moment of area still vanishes in the FG formulation,∫
Ω zdA = 0.
If the nonlocal formulation, the starting counterpart is Eq. (8). Suppose
again that E(x, z) = Ex(x)Ez(z). This gives:
Ez(u(1)0 − w(2)(z − z0)− α∆θ) =
∫ L
0
φc(x− ξ)E−1x σ(ξ, z)dξ. (41)
Following the same reasoning as in the local formulation, at the neutral sur-
face strain contribution from the rotation term must vanish, again providing:
− Ezw(2)(z − z0) = 0 ⇒ z0 =
∫
Ω zEzdA∫
ΩEzdA
, (42)
repeating the result from the local case.
3.4. Stationarity conditions
3.4.1. Stationarity with respect to δu0Π
This section deals with the stationary conditions that provide governing
equations and boundary conditions. First term δu0Π = 0 is obtained as
follows. Starting from the total energy potential Eq. (32) and strain Eq. (5),
it is obtained:
δu0Π =
∫
B
σδu
(1)
0 dV −
∫
L
qxδu0dx−
L∑
i=0
Niδu0,i = 0. (43)
Integration by parts with respect to the longitudinal coordinate x provides:
δu0Π =
∫
Ω
σ dAδu0
∣∣∣L0 − ∫B σ(1)δu0 dV −
∫
L
qxδu0dx−
L∑
i=0
Niδu0,i = 0. (44)
The first term will provide boundary conditions as
∫
Ω σ dA = −N|x=0 or prescribe u0(0),∫
Ω σ dA = N|x=L or prescribe u0(L).
(45)
It is emphasized that constitutive boundary conditions Eq. (16) accompany
above listed standard boundary conditions.
The second term in Eq. (44) gives in the same manner:
−
∫
B
σ(1)δu0dV −
∫
L
qxδu0dx = 0, (46)
or having in mind arbitrariness of the virtual axial displacement:
∫
Ω
σ(1)dA+ qx = 0. (47)
Due to Eq. (11), σ(1) is:
σ(1) = E
(
−L2cε(3)M + ε(1)M
)
. (48)
Explicit forms for ε(1)M and ε
(3)
M will be introduced later. Alternatively, Eq. (47)
can be also rewritten as:
N (1) + qx = 0 (49)
if the equilibrium equation in the axial direction is employed.
3.4.2. Stationarity with respect to δwΠ
Second stationary condition δwΠ = 0 gives:
δwΠ = − ∫B σ(z − z0)δw(2) dV − ∫L qzδwdx+∑Li=0Miδw(1)i = 0. (50)
The same steps as in the first stationary condition are followed. Integrat-
ing by parts twice yields:
δwΠ = − ∫Ω σ(z − z0)δw(1) dA ∣∣∣L0 + ∫Ω σ(1)(z − z0)dAδw ∣∣∣L0
− ∫B σ(2)(z − z0)δw dV − ∫L qzδwdx+∑Li=0Miδw(1)i = 0. (51)
The first two terms with Eq. (12) again provide boundary conditions. The
first boundary condition exploits arbitrariness of δw(1) at x ∈ {0, L}:
∫
Ω σ(z − z0) dA = −M|x=0 or prescribe w(1)(0),∫
Ω σ(z − z0) dA =M|x=L or prescribe w(1)(L)
(52)
and the second one δw at x ∈ {0, L}:
∫
Ω σ
(1)(z − z0)dA = 0
∣∣∣
x=0
or prescribe w(0),∫
Ω σ
(1)(z − z0)dA = 0
∣∣∣
x=L
or prescribe w(L).
(53)
The constitutive boundary conditions Eq. (18) arising from the integrability
conditions must be included as well.
The third and fourth term in Eq. (51) gives:
− ∫B σ(2)(z − z0)δwdV − ∫L qzδwdx = 0, (54)
or
− ∫Ω σ(2)(z − z0)dA− qz = 0. (55)
The first derivative of stress is defined by Eq. (48), while the second one is:
σ(2) = E
(
−L2cε(4)M + ε(2)M
)
. (56)
Like in the axial case, Eq. (55) can be transformed by means of the equilib-
rium equation into:
M (2) + qz = 0. (57)
4. Beam displacements of nonlocal FG beams
Equations defining beam displacements are derived for functional grading
in one direction of the Euler-Young’s modulus E = E(z). The coefficient of
thermal expansion and temperature are of a general form: α = α(x, z),
θ = θ(x, z). At the same time, following notation is introduced:
ΦNm(x) =
∫
Ω E(α∆θ)(m)dA,
ΦMm(x) =
∫
Ω E(α∆θ)(m)(z − z0)dA,
kAE(x) =
∫
Ω EdA,
kSE(x) =
∫
ΩE(z − z0)dA,
kIE(x) =
∫
Ω E(z − z0)2dA.
(58)
In the present case, the shift of the neutral surface is not zero. The first
and second derivative of the stress σ(1), σ(2) now have nonlocal character,
Eq. (10):
σ(1) = −EL2c(u(4)0 − w(5)(z − z0)− (α∆θ)(3)) + E(u(2)0 − w(3)(z − z0)− (α∆θ)(1)),
σ(2) = −EL2c(u(5)0 − w(6)(z − z0)− (α∆θ)(4)) + E(u(3)0 − w(4)(z − z0)− (α∆θ)(2)).
(59)
With above result at hand, the governing equation for the axial displacement
follows from Eq. (47) as
∫
Ω
(
−EL2c(u(4)0 − (α∆θ)(3)) + E(u(2)0 − (α∆θ)(1))
)
dA+ qx = 0, (60)
where some terms were cancelled due to the property of the neutral surface.
With the notation Eq. (58), the equation describing axial deformation is:
−L2cu(4)0 kAE + L2cΦN3 + u(2)0 kAE − ΦN1 + qx = 0. (61)
Boundary conditions again follows from Eq. (45) as:
−L2cu(3)0 kAE + L2cΦN2 + u(1)0 kAE − ΦN0 = −N
∣∣∣
x=0
or prescribe u0(0),
−L2cu(3)0 kAE + L2cΦN2 + u(1)0 kAE − ΦN0 = N
∣∣∣
x=L
or prescribe u0(L)
(62)
and from Eq. (16):
Lc
(
u
(2)
0
∫
Ω EdA−
∫
Ω E(α∆θ)(1)dA
)
− (u(1)0
∫
Ω EdA−
∫
ΩEα∆θ)dA = 0|x=0 ,
Lc
(
u
(2)
0
∫
Ω EdA−
∫
Ω E(α∆θ)(1)dA
)
+ (u(1)0
∫
ΩEdA−
∫
Ω Eα∆θ)dA = 0|x=L .
(63)
The governing equation for bending is derived from Eq. (55):
− ∫Ω (σ(2)(z − z0)) dA− qz = 0. (64)
Introduction of the second derivative of stress, Eq. (59)2 and accounting for
the neutral surface effects, it is obtained:
L2c(−w(6)kIE − ΦM4 ) + w(4)kIE + ΦM2 − qz = 0, (65)
cf. Remark 7.1 in [7] for the isothermal case. Thus, in the contrast to
the standard fourth order differential equation, the present sixth order case
includes constitutive boundary conditions Eq. (68) into the formulation.
The boundary conditions are defined by Eqs. (52, 53):
−L2c(w(4)kIE + ΦM2 ) + w(2)kIE + ΦM0 = −M
∣∣∣
x=0
or prescribe w(1)(0),
−L2c(w(4)kIE + ΦM2 ) + w(2)kIE + ΦM0 =M
∣∣∣
x=L
or prescribe w(1)(L)
(66)
and the second one:
L2c(w(5)kIE + ΦM3 )− w(3)kIE − ΦM1 = 0
∣∣∣
x∈{0,L} or prescribe w(0), w(L),
(67)
along with conditions Eq. (18)
Lc
(
−w(3) ∫ΩE(z − z0)2dA− ∫Ω E(α∆θ)(1)(z − z0)dA)
−(−w(2) ∫Ω E(z − z0)2dA− ∫Ω Eα∆θ(z − z0)dA) = 0|x=0 ,
Lc
(
−w(3) ∫ΩE(z − z0)2dA− ∫Ω E(α∆θ)(1)(z − z0)dA)
+(−w(2) ∫ΩE(z − z0)2dA− ∫Ω Eα∆θ(z − z0)dA) = 0|x=L .
(68)
With above differential equations and accompanying boundary conditions
the formulation is completely defined.
5. Examples
5.1. Homogeneous doubly clamped bar heated by the uniform thermal field
The introductory example deals with a nonlocal doubly clamped bar of
length L subjected to the uniform temperature field ∆θ. The similar exam-
ple was analysed in [32] (Example 5.2), but with formulation that is derived
slightly differently than in the present example. In particular, the approach
chosen in the latter paper uses differential equation of third order for de-
scribing axial displacements, while here fourth order differential equation is
employed. Naturally, this requires different number of boundary conditions.
The bar is not functionally graded and material properties are defined by
constant E,α. The cross section is rectangular with dimensions b and h.
Thus, the problem that should be solved is governed by Eq. (61):
−L2cu(4)0 AE + u(2)0 AE − ΦN1 = 0. (69)
The constitutive boundary conditions are:
Lc
(
u
(2)
0 − (α∆θ)(1)
)
− (u(1)0 − α∆θ) = 0
∣∣∣
x=0
,
Lc
(
u
(2)
0 − (α∆θ)(1)
)
+ (u(1)0 − α∆θ) = 0
∣∣∣
x=L
.
(70)
At the left end, u0(0) = 0 was prescribed. The boundary condition at the
right end follows from Eq. (62):
−L2cu(3)0 kAE + u(1)0 kAE − ΦN0 = P
∣∣∣
x=L
, (71)
where P denotes the unknown axial reaction in the support. The solution of
the problem coincides with the one in [32]:
u0(x) = α∆θx+
P
EA
x− Lc P2EA
(
e
x
Lc − 1
) (
e
−L
Lc + e
−x
Lc
)
. (72)
The unknown support reaction follows from the remaining boundary condi-
tion u0(L) = 0 as:
0 = α∆θL+ P
EA
L− Lc P
EA
(
e
L
Lc − 1
)
e
−L
Lc . (73)
or after straightforward algebraic manipulation:
P = − α∆θAELe
L/Lc
eL/Lc(L− Lc) + Lc . (74)
This confirms the equivalence of both approaches.
5.2. Axial thermal deformation of a homogeneous doubly clamped bar heated
by the longitudinally varying temperature field
The second example deals with a nonlocal doubly clamped bar of length
2L subjected to the varying temperature field ∆θ = −θ0
(
1− x2
L2
)
. The
origin of the coordinate system is positioned at the midpoint of bar, so the
endpoints are situated at x = −L and x = L. Thus, Lc = 2L c. The
present example is chosen in order to compare the solution of the strain
gradient model presented in [51], Example 5.2 to the integral stress-driven
model introduced in this manuscript. Material properties and cross section
dimensions are similar like in the previous example.
Governing differential equation is again defined by Eq. (61):
−L2cu(4)0 AE + u(2)0 AE − ΦN1 = 0, (75)
where ΦN3 = 0, ΦN1 = 2αEθ0 AL2x and qx = 0 were used. The governing
equation is the same for the stress-driven formulation and the gradient one.
The general solution of the equation is:
u0(x) = αθ0x
3
3L2 + L
2
ce
x/LcC1 + L2ce−x/LcC2 + xC3 + C4, (76)
where Ci, i = 1, 2, 3, 4 are integration constants. To obtain these, boundary
conditions must be enforced. In both formulations, displacements at the end
of the bar must be zero:
u0(−L) = u0(L) = 0. (77)
The rest of boundary conditions are different in each formulation. In the
gradient one these are:
u
(2)
0 (−L) = u(2)0 (L) = 0. (78)
In the stress-driven integral formulation, the boundary conditions that must
be fulfilled follow from Eq. (16)
Lc
(
u
(2)
0 − (α∆θ)(1)
)
− (u(1)0 − α∆θ) = 0
∣∣∣
x=−L ,
Lc
(
u
(2)
0 − (α∆θ)(1)
)
+ (u(1)0 − α∆θ) = 0
∣∣∣
x=L
.
(79)
The gradient formulation provides axial displacement as:
u0(x) = 13αθ0
(
x3
L2 − x+
−6LL2ccsch( LLc ) sinh( xLc )+6L2cx
L2
)
, (80)
while the integral one gives:
u0(x) = 13αθ0
(
x3
L2 − x+
2Lc(L sinh( xLc )−x sinh( LLc ))
Lc sinh( LLc )−LeL/Lc
)
. (81)
Support reactions are determined as P =
∫
Ω σdA|x=L:
P = 2αAEθ0e1/2c3e1/2c−6c sinh( 12c)
(integral),
P = 23αAEθ0 (12c
2 + 1) (gradient).
(82)
All results are graphically presented for L = 1, α = 0.1, θ0 = 10, c = 0.2,
b = 1, h = 1. Dependence of support reactions on the small size parame-
ter is presented in the logarithmic plot in Fig. 1. Obviously, the gradient
approach is governed by the quadratic function and results in much higher
reaction forces than the integral one as the small size parameter is increased.
The integral formulation results in a more complex dependence, most easily
graphically interpreted. This formulation shows much slower increase than
the gradient method reaction.
Solutions for axial displacements also differ. Distribution of the axial
displacement u0 shows almost identical solutions for the smallest values of
c, Fig. 2. As the small size parameter is increased, solutions obtained with
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Figure 1: Dependence of support reactions on the small size parameter for the integral
and gradient approach
the gradient method show monotonic increase in beam’s stiffness. Displace-
ments at the beam ends are obviously identical due to boundary conditions
Eq. (77) for both formulations. Unlike the gradient solution, the integral
approach initially exhibits stiffening, but after a certain threshold the dis-
placements again increase. This can be explained by the different last terms
in parentheses of Eqs. (80, 81). Such behaviour was already noticed earlier,
see [32] for further clarifications. The strain distribution, Fig. 3 also mani-
fests differences between two methods. The origin of such behaviour is the
difference in boundary conditions Eqs. (78, 79). Since the gradient approach
enforces the second derivative of the axial displacement to be zero at the
beam ends (Fig. 4), this has the consequence that the tangent to curve de-
scribing the strain distribution must be horizontal at ends. This is not the
case in the integral formulation.
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Figure 2: Distribution of the axial displacement u0 along the thermally loaded doubly
clamped beam for c ∈ {0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}. Red continuous line -
integral, blue dashed line - gradient formulation
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Figure 3: Distribution of u(1)0 = ε along the thermally loaded doubly clamped beam,
c = 0.2
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Figure 4: Distribution of u(2)0 along the thermally loaded doubly clamped beam, c = 0.2
5.3. Thermally loaded FG cantilever beam
To demonstrate dependency of results on the neutral surface shift, a can-
tilever FG beam is considered. Temperature field ∆θ = θ1z2 is imposed on
the beam. At x = L the beam is loaded by the axial force P and couple
M . The coefficient of thermal expansion is α, the Euler-Young’s modulus is
linearly distributed across the height of the beam E(z) = E0 +E1(z + h/2),
while the beam rectangular cross section is defined by the height h and the
width b as usual.
As a consequence of the functional grading, the neutral surface is shifted
by (Eq. (42)):
z0 =
∫
Ω zEzdA∫
ΩEzdA
= 2E1Iy2E0A− bh2E1 . (83)
The problem is defined by the set of differential equations Eqs. (61, 65):
−L2cu(4)0 kAE + u(2)0 kAE = 0,
−L2cw(6)kIE + w(4)kIE = 0
(84)
where terms ΦN1 , ΦN3 , ΦM2 , ΦM4 vanish since the temperature does not depend
on the longitudinal coordinate x. The set of boundary conditions follows
from Eqs. (62,63,66,67,68):
u0(0) = 0, w(0) = 0, w(1) = 0,
−L2cu(3)0 kAE + u(1)0 kAE − ΦN0 = P
∣∣∣
x=L
,
−L2cw(4)kIE + w(2)kIE + ΦM0 = M
∣∣∣
x=L
,
L2cw
(5)kIE − w(3)kIE = 0
∣∣∣
x=L
,
Lcu
(2)
0
∫
ΩEdA− (u(1)0
∫
Ω EdA−
∫
Ω Eα∆θ)dA = 0|x=0 ,
Lcu
(2)
0
∫
Ω EdA+ (u
(1)
0
∫
Ω EdA−
∫
Ω Eα∆θ)dA = 0|x=L ,
−Lcw(3) ∫Ω E(z − z0)2dA− (−w(2) ∫Ω E(z − z0)2dA− ∫Ω Eα∆θ(z − z0)dA) = 0|x=0 ,
−Lcw(3) ∫Ω E(z − z0)2dA+ (−w(2) ∫ΩE(z − z0)2dA− ∫Ω Eα∆θ(z − z0)dA) = 0|x=L ,
(85)
where ΦN2 , ΦM3 , ΦM1 again disappear.
Solutions of the above problem are:
u0 =
αbh3θ1x(2E0+E1h)+12P
(
2x−Lce−
L+x
Lc
(
e
x
Lc −1
)(
e1/c+e
x
Lc
))
12bh(2E0+E1h)
w =
(2E0+E1h)e
−L+x
Lc
(
e
x
Lc
(
e
1
c (180M(L2c−Lcx+x2)−αbE1h5θ1x2)+180LcM(Lc+x)
)
−180L2cM(e
1
c−e
2x
Lc )
)
10bh3(6E20+6E0E1h+E21h2) .
(86)
Note that in the absence of the external loads, P = 0 and M = 0, the
nonlocal character of solutions disappears.
To graphically illustrate solutions, the following values are selected: L =
1, α = 1, θ1 = 0.1, b = 1, h = 1, P = 1,M = 1. Both solutions were evaluated
for the small size parameters c ∈ {0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}.
The results are given in Figs. 5, 6. Both displacements show the stiffening
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Figure 5: Gradual stiffening of the axial displacements for c ∈
{0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}, cantilever beam.
effect with the increase in the small size parameter.
For the purpose of comparison, the solution for the transverse displace-
ment for the case when the shift of the neutral surface is neglected, z0 = 0 is
also reported:
wz0 =
3e−
L+x
Lc
(
e
x
Lc
(
e
1
c (80M(L2c−Lcx+x2)−αbE1h5θ1x2)+80LcM(Lc+x)
)
−80L2cM(e
1
c−e
2x
Lc )
)
20bh3(2E0+E1h)
(87)
so the transverse displacement assumes simpler form if z0 = 0. The axial
displacement is not affected by the neutral surface shift.
The significance of the neutral surface shift is illustrated in Fig. 7. In-
crease in beam’s stiffness with the increase in |z0| is clearly noticeable.
5.4. Thermomechanically loaded simply supported FG beam
A simply supported FG beam is loaded by the distributed axial loading
qx and distributed transverse loading qz. Additionally, beam is exposed to
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Figure 6: Gradual stiffening of the transverse displacements for c ∈
{0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}, cantilever beam.
Figure 7: Influence of z0 on the vertical displacement, c=0.2.
the bilinear temperature field ∆θ = θ0xz. The beam material is linearly
functionally graded like in the previous example E(z) = E0 + E1(z + h/2),
with the same geometry. The coefficient of heat expansion α is taken to be
a constant.
The problem is defined by the differential equations Eqs. (61, 65)
−L2cu(4)0 kAE + u(2)0 kAE − ΦN1 + qx = 0,
−L2cw(6)kIE + w(4)kIE + ΦM1 − qz = 0.
(88)
The set of boundary conditions follows from Eqs. (62,63,66,67,68):
u0(0) = 0, w(0) = 0, w(L) = 0,
−L2cu(3)0 kAE + u(1)0 kAE − ΦN0 = 0
∣∣∣
x=L
,
−L2cw(4)kIE + w(2)kIE + ΦM0 = 0
∣∣∣
x=0
,
−L2cw(4)kIE + w(2)kIE + ΦM0 = 0
∣∣∣
x=L
,
Lc
(
u
(2)
0
∫
Ω EdA−
∫
Ω E(α∆θ)(1)dA
)
− (u(1)0
∫
Ω EdA−
∫
ΩEα∆θ)dA = 0|x=0 ,
Lc
(
u
(2)
0
∫
Ω EdA−
∫
Ω E(α∆θ)(1)dA
)
+ (u(1)0
∫
ΩEdA−
∫
Ω Eα∆θ)dA = 0|x=L .
Lc
(
−w(3) ∫ΩE(z − z0)2dA− ∫Ω E(α∆θ)(1)(z − z0)dA)
−(−w(2) ∫Ω E(z − z0)2dA− ∫Ω Eα∆θ(z − z0)dA) = 0|x=0 ,
Lc
(
−w(3) ∫ΩE(z − z0)2dA− ∫Ω E(α∆θ)(1)(z − z0)dA)
+(−w(2) ∫ΩE(z − z0)2dA− ∫Ω Eα∆θ(z − z0)dA) = 0|x=L .
(89)
Solving the system of ordinary differential equations just described provides
the axial and transverse displacement:
u0 =
e
−L+x
Lc
(
e
x
Lc
(
e
1
c (x2(αbE1h3θ0−12)−12c(c+1)L2+24Lx)−12L2c
)
+12e
1
c c(c+1)L2+12L2ce
2x
Lc
)
12bh(2E0+E1h) ,
w = e
−L+x
Lc
6bh(2E0(h2+12z20)+E1h(h2−4hz0+12z20)) ·(
e
L+x
Lc (L2x (αbh3θ0(2E0 + E1(h− 2z0)) + 72c2x)
+x3 (6x− αbh3θ0(2E0 + E1(h− 2z0))) + 36c3(2c+ 1)L4 + (6− 72c2)L3x− 12Lx3)
−36c3(2c+ 1)L4(e 1c + e xLc − e 2xLc )
)
.
(90)
Diagrams representing the deformation process are prepared for values:
L = 1, α = 1, θ0 = 0.1, b = 1, h = 1, E0 = 0.1, E1 = 1. Since the same cross
section and material like in Example 5.3 are used, the shift of the neutral
surface Eq. (83) remains the same: z0 = 2E1Iy2E0A−bh2E1 . Dependence of the
neutral surface shift of Euler-Young’s coefficients E0, E1 is depicted in Fig. 8.
Obviously, for E1 = 0 the shift is z0 = 0, while for larger values of E0, E1
converges toward z0 ≈ 0.6.
Obtained displacement distributions Eq. (90)1 show that the axial dis-
placement is independent of the neutral shift. This is not the case with the
transverse displacement, Fig. 9. As the shift of the neutral surface increases,
the beam becomes more stiffer, asymptotically converging to the rigid beam.
Like before, solutions were evaluated for the same set of small size param-
eters c ∈ {0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}. The results are given
in Figs. 10, 11 repeating behaviour observed in Example 5.3 - displacements
demonstrate the stiffening effect as c is increased. Hence, such a beam shows
Figure 8: Influence of E0 and E1 on z0
Figure 9: Influence of z0 on the transverse displacement, c=0.2.
the standard nonlocal behaviour.
6. Conclusions
The paper at hand extended the existing nonlocal Bernoulli-Euler homo-
geneous beam formulation to functionally graded materials. The presented
formulation is based on the consistent thermodynamic formulation emanat-
ing from a suitably selected potential. Most significant findings and results
are summarized below.
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Figure 10: Gradual stiffening of the axial displacements for c ∈
{0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}, simply supported beam.
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Figure 11: Gradual stiffening of the transverse displacements for c ∈
{0.0001, 0.01, 0.02, 0.05, 0.2, 0.5, 1.0, 2.0, 10}, simply supported beam.
• A thermodynamically consistent formulation is employed to develop the
proposed formulation, based on a proper Gibbs potential, the stress-
driven integral model for functionally graded nanobeams. Minimiza-
tion of the total energy potential provides underlying differential equa-
tions and boundary conditions governing the relevant thermoelasto-
static problem.
• The shift of neutral surface is included into the formulation. It is
demonstrated that this effect can have a profound influence on defor-
mation, especially in the presence of small-size phenomena, and should
not be disregarded.
• It is noticed that in the case of doubly-clamped nonisothermal beams,
for the lower values of the nonlocal parameters, a softening behaviour
compared to the local case is exhibited. However, as the nonlocal pa-
rameter is further increased, the beam starts to stiffen, asymptotically
converging to the local solution. The similar conclusion is reached in
[32] in the special framework of elastically homogeneous materials.
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